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AN ERDOS—GALLAI CONJECTURE

L. PYBER
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The following conjecture of P. Erdés and T. Gallai is confirmed: every graph on n vertices
can be covered by n—1 circuits and edges.

0. Introduction

P. Erd6s and T. Gallai posed a conjecture in 1966 [3], this conjecture was aiso
mentioned as an unsolved problem in the book of Bondy and Murty [1]. In 1982 Tao
Mao-qi, Shen Yun-qgiu and Ku Tung-shin proved the conjecture in a slightly stronger
form for planar graphs [8]. What they prove is the following:

Theorem 0. Ler G be a 2-edge-connected planar graph of n vertices. Then G can be
covered by (n—2) circuits.

Their proof is somewhat lengthy, here we give a shorter one. Our main result is
Theorem 1. A graph G of n vertices can be covered by n—1 circuits and edges.

Notice that Theorem 1 is sharp if G is a tree.

We also prove the following stronger version of Theorem 1:
Theorem 2. Let G be a graph of n vertices and {Cy, ..., C\} be a set of circuits and
edges such that Lk) E(C)Y=E(G) and k is minimal. Then we can choose k different ed-
ges, e, € E(C), ;;t*h that these edges form a forest in G.

Finally we prove another theorem for graphs not contaming C, (circuit of length
four), which is stronger in some sense.

Theorem 3. Let G be a graph of n vertices not containing Cy. Then G can be covered by
[(—1)/2] circuits and n—1 edges.

Basic to our proofs is the following theorem of Lovasz [4]:

AMS subject classification (1980): 05 C 38
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Theorem 4. A graph of n vertices can be covered by =[nf2] disjoint paths and cir-
cuits.

Notation. d;(x) denotes the degree of the vertex x€F(G) in the graph G. d(x, ))
denotes the distance of the vertices x and vy in G. For a subgraph H of G, G/H and
GN\H denote the graphs obtained from G by contracting or deleting the edges of H.
(D) denotes the subgraph of G induced by the set D V().

1. The proof of Theorem 0

We use the following wellknown lemma (see e.g. [6]):

Lemma 1.1. Let G be a planar graph, then it has an edge contained in gt most {wo trian-
gles of G. |]

Lemma 1.2. If G is an arbitrary graph e=(x, )¢ E(G) and Gle  has a cut-edge then
either

(a) G has a cutvertex or

(b) thereis avertex z€ V(G) such that the only neighbours of z in G are x and y.

Proof. If (p, g)€ E(G/e) is a cut-edge in G/e then p and g are cutvertices of G/e or
components of (G/e)\(p. q)- If p and g are both cutvertices then they are the con-
tracted images of two cutsets in G, say of P and Q. We contracted only one edge to
obtain G/e so one of the two sets has only one vertex, i.e. G has a cutvertex.

If p is a component of (G/e)\(p, ¢) and G has no cutvertices then p is the
image of a vertex z€ V(G) with dg(z)=2. Here, in fact, d;(z)=2 and (b) follows. J

Now we prove Theorem 0 by induction on #n=|F(G)| for planar graphs.

Lemma 1.3. If the graph G has a cutvertex and Theorem 0 kolds for all graphs H with
[V(H)|<|V(G)| then it holds for G.

Proof. Let p be a cutvertex of G. Deleting p we cbtain components K. ..., K, (r=2).
The graphs {(V{K)Up) are 2 edge-connected, i.e. these graphs can be covered by
n;—2 circuits, respectively, here n,=|V(K))| 4+ 1. The set of all these circuits covers

G, 3 (nm—1)+1=|V(G)|=n and this leads to 3 (m—2)=n—2.
i=1 i=1

Let (x, ¥)=e be an edge of G contained in at most two triangles (exists by
Lemma 1.1). If G has no cutvertex and G/e has a cut-edge then we can apply Lemma
1.2. Indeed, (z, x) and (z, y) are contained in at most one triangle. If G/(z, x) and
G/(z, y) are not 2-edge-connected then by Lemma 1.2 G is a triangle. Here n=3,
in this case the Theorem is trivially true.

It suffices to prove the induction hypothesis for 2-connected graphs G, having
an edge e=(x, ) contained in at most two triangles, such that G/e is 2-edge-
connected.

We distinguish three cases according to the number of triangles containing e.
We always have n—3 circuits {Cj. ..., C,_;} covering G/e.
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Case 0. 1f there are no triangles on ¢, then the contraction is injective on E(G)\.e.
The circuits covering G/e correspond to circuits of G in the natural way, such that
the latter n—3 circuits cover E(G)\¢. G is 2-edge-connected, therefore we have an
(n—2)-th circuit C in G covering ¢.

Case 1. Suppose that there s exactly ome triangle containing e=(x,}). say
T=(x, y,z). Again, we have n -3 circuits C; which correspond to the circuits C;
of G/e (the contracted images of the circuits C; are the C7). Indeed, the circuits C;
cover G\ T. Adding circuit T we obtain an (n—2)-elemuent covering of the graph G.

Case 2. Suppose that (x, 1) is contained in exactly two triangles, namely, in (x, ¥, 2)
and (x, y, v). The contracted image of x and y in G/e is denoted by p, the image of z
by z’. As (p, 2')SE(G/e), we might suppose that (p, z)€ E(C;). Let us extend the
circuits C7 to circuits C; of G arbitrarily. We define the circuit C, in the following
way: If (x, )¢ E(C,) then Cy=C,. If not, then one of the vertices x and y, say x,
is not in C,, for the image of C, in GJje is a circuit. We have (¥, 2)€E(C,), for
(p, 2 )€ E(CY). Now let us define C, by E(Co)=(E(C)ON\(y, 2))U{(x. ), (x, 2)}. Let
C be the circuit (x, z, y, v). It is easy to see that the circuits C, Cy. Cy, ..., C,
cover G.
The proof of Theorem 0 is now complete. [

2. Preliminaries to the proof of Theorem 1

Definition. Let G be a connected graph, «€V(G). We define the distance classes
D= {x|xe V(G), dg(x, @)=i} for i=0, ..., r. (For the sake of simplicity we omit the
upper index.)

Lemma 2.1. (a) D, ..., D, is a partition of V(G).

(b) For any x€D; there exists an y€D;_; with (x, )€ E(G). Choosing such
an edge (x;, y;) for all x,€D; we obtain a star system W;in G, i.e. a subgraph which is
the union of disjoint stars. The centre of @ star in W is in D;_,.

(¢) The union of the star systems W, is a tree W of G which we call a distance
tree of G.

(d) Let G,.,=(D,y and G=(D;UD;_ )\(D;) for i=1,..,r. Then
W,cG; and E(G)), ..., E(G,.,) is a partition of E(G).

{e) If P is a path in G such that its vertices are in ] D; and its cendvertices

j=i
are in Dy, then there exists a circuit C of G containing P. Such paths are called em-

beddable.

Proof. Statements (a)—{(d) are wellknown or trivial.

(e) Let x;,x,€D; be the endvertices of P. We have two unique paths
P,, P, W leading from D, to x; and x, respectively. Indeed, P, and P, have one
common vertex with D, for j=i and none for j=i. P,and P,have acommon vertex,
D,. They have a last common vertex v€D;, j<i, where j is the largest index for
which such a v exists. The union of P and the subpaths of P,, P, leading from
v to Xy, Xo resp. form a circuit C in G.

The above lemma contains the basic ideas of the proof of Theorem 1. Applying
Theorem 4 for the graphs G; we get strong bounds for the number of covering edges
and circuits of G.
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However, to prove Theorem 1 we also have to consider the proof of Theorem 4,
and we must choose W in a special way: Let us denote the vertices in D; by {ai}
(t=1. ..., |D;)). For any aicD; we have an al*¢D;_, such that e¢i=(di, ai" V)¢
E(G) and s is minimal. We define W; as the set of the edges ¢f and W as the union
of the star systems W,;. (We fix @ and the order of the elements of the D;-s arbitrarily
and in the proof of Theorem 1 W will denote the distance tree of G defined by this
order in the above “greedy” way.)

The original proof of Theorem 4 contained a minor error. It was corrected
by A. Donald therefore we refer to his paper [2].

Notations. We denote the set of neighbours of x€ V(G) in the graph G by N(x).
If Z is a covering of G by disjoint paths and circuits, x€ V(G), then 1(x, Z) denotes
the number of paths in 2 with endvertex x. We allow paths of length 0, they increase
t(x, Z) in the corresponding vertex x by 2.

Lemma 2.2. Suppose x is a vertex of a graph G, A=lay, ...,q}CN(x), (k=1),
G’ is the graph obtained from G by deleting the edges between x and A. Let X' be a
covering of G’ by disjoint paths and circuits, such that t(p, 2V=1 for peN(x). Then
there exists a covering X of G by disjoint paths and circuits such that |X|=|2'|, and

Jor peV(GON\AUx) t(p, 2) = t(p, 2,
Jor ped ((p,Xy=tp,2)—1 and t(x,2)=1(x2).

This lemma is essentially a more detailed version of Lemma 7 in [2]. Here we
repeat the main steps of the proof in (6).

Proof. Foreach i=1, ..., k, we define a sequence of vertices of N(x): a4, ..., @i,
by recursion as follows. Let a; o=a;. Suppose a;, Is defined; since a; ,EN(x)
there is a path U; , of 2’ that has ¢; , as an endvertex. If U; ,does not pass through x,
end the sequence; if x lies on U, ,, trace the path from a; , to x and let g; , ., be the
last vertex on the path before it reaches x.

Observations. a; , is adjacent to x in G" iff p=1.

If a,,=a;,, then i=j and p=v. For suppose a;,=a;, and p=v.
If u=0, then a; ,=a;, so v=0 and i=j. If p=1, then 4, lies on U;, ,,
which has an endvertex at g; ,_, and contains the edge (x, ¢; ). Similarly, 4; ,=aq;,,
lies on U;,,_; which contains (x, a;,)=(x, ; ,). Since the paths of X’ are edge dis-
joint, U; ,_,=U;, , and «;, ,=a;, - Repeating this argument we get a; ,=
=a;,_, and v—u=0 so p=v and i=j

This implies that the above sequences are finite.
The edge (x, a; ) lies on U, ,_, if u=1.

We now define a function f that maps elements of 2’ into disjoint paths and
circuits covermg G.

Let Ue’, ifitisnota U, ,,
sets of mutually exclusive cases:

(@) U=U;, contains x.

(@) U=U,, does not contain x.

) U=U,,=U;, where (i, 0)#=(j, v).

(b) U=U;, and the labelling is unique.

then f(U)=U. Otherwise we distinguish two
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We define f(U) for the four possible combinations.

If (a) and (b) hold we deleze the edges (x, ¢; ,..,) and (x. ¢;,, ), add the edges
(x,q,,) and (x, a; ) to obtain y(U) from U.

If (a) and (b") hold we delete (x, a;,,,,) and add (x, a; ).

If (a’) and (b) hold we add the edges (x. a; ) and (x, a; ).

If (a’) and (b") hold we add (x, ¢;,)-

Remark. If U is a path of length 0 then (2") and (b") hold, therefore f(U) is an edge
of G.

We now show that the paths and circuits formed by fare disjoint, and cover G.
If (3, z) is not of the form (x, 4; ,) then it appears in some U of 2’ and also in, and only
in, f(U). Examination of the cases shows that (x, ¢; ,) appears in (U, ,), so it remains
to prove only that if (x, 4 ,) 1s in f(U, ), then U, ,=U, ,.

If (b) holds for U=U,; ,, then U, ,=U;, where (i, n)=(j,v). The only
edges of f(U, ) incident to x are (x, g; ,) and (x, a;,,). Since @ ,#a; ,, by assump-
tion, it follows that @ ,=a; , so (k, 0)=(j,v). If (a) and (b’) hold for U=U,,,
let U =@ - s @pirs X, ¥ ooz) 16 (x,a4,) 1 in f(U; ) and a, ,#a; , then
a,,=y. Thus z=a, ,_, and U, ,=U, ,_,. But U;, is uniquely labeled so (i, W)=
=(k, 0—~1) and @; ,=ay ,-,=z. Thus U, has to be a circuit, a contradiction.
If (a") and (b") hold for U, ,, the only edge of f(U, ,) incident to x is (x, a; ).

Thus X=/(X") is a covering of G by disjoint paths and circuits and |2|=
=12

Let us verify now our additional observations. If p€ V(G) is not of the form
a; , then the number of paths with endvertex p is indeed the same for 2 and X"
If p=a; then p is an endvertex of U, , but not of f(U;,) and for U= U, ,, pis an
endvertex of U iff it is an endvertex of f(U). If p=a; ,, 1>#0 then p is an endvertex
of U; ,and of f(U, ,_,) butnot of (U, ) and U; ,_,. for any other U, p is an end-
vertex of U iff it is an endvertex of f(U). (If U is a path of length 0 then the situation is
different, here p=U might become a single endvertex of f(U) from a “double”
endvertex of U according to the above cases.) If x is an endvertex of U then it is an
endvertex of f(U).

Throughout the proof we never used the assumption that the paths have edges
so it also works if there are paths of length 0 in Z.

The proof is complete. J

Remark 2.3. Supposc that the conditions of Lemma 2.2 are not satisfied, there is a
vertex in N(x)\ 4, say b, with #(b, £)=0. (For the sake of simplicity we suppose the
existence of exactly one such vertex.) Adding the “path™ b to 2’ and performing the
construction of the above proof we obtain a covering %, of G with |Z,|=|Z'|41.

We have two possibilities: either f(b)=5 then we simply did not need b in
constructing T=2,\J, a covering of G with the same properties as in Lemma 2.2,
or we needed b and f(b) is the edge (b, x).

In the latter case Z=2X,\f(b) is a covering of G\(b, x) with |2]|=|Z"| and
the statements of Lemma 2.2 are valid for £ with the exception that (b, 2)=
=t(b, 2)+1. (It easily follows {rom the proof of Lemma 2.2.)

Definition. A vertex of a graph is called odd or even if it is of odd or even degree,
respectively. A graph G is called odd if it has at most one even vertex.
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Theorem 4 is true in a stronger form for odd graphs:

Corollary 2.4. An odd graph of n vertices can be covered by [nf2} disjoint paths such
that cach odd veriex of G is the endvertex of exactly one covering path.

Let us recall the following ([6]):

Lemma 2.5. Let G be a connected graph. F a spanning tree of G and p an arbitrary
vertex of G. There exists a forest ECF, such that G'=G\E is an odd graph and if
|V(G)| is odd then p is the even vertex of G'.

Proof. Let F be a spanning tree of G and x,. ..., x, thc even vertices of G. Let P;

denote the unique path between p and x; in £. Set £= YE(P)(mod 2). For each

xEV(G)Y we have dp(v)= > _;d,,(\) (mod 2). Cosequently for x¢¥(G). x=p,
dg(x) 1s odd iff dg(x) is ewn WHh G’ =G\ E the lemma follows. [

Remark 2.6. If Theorem | holds for all 2-connected graphs then it follows for any
graph G by an easy induction on #=F(G). (Like in the proof of Theorem 0.)

From now on we suppose that G is 2-connected. It is wellknown that in such
a graph any two edges are contained by ¢ circuit.

3. The proof of Theorem 1

It seems to be impossible to present the proof as a series of independent lem-
mas, therefore we start with

3.0. Sketch of the proof

We have a 2-connected graph G with a fixed “greedy” distance tree W (for
definitions see Lemma 2.1). We want to cover most of the edges by paths embedd-
able into circuits and put the rest pairwise into circuits.

The first step is the covering of G, .,. By Lemma 2.5 it has a large subgraph
which can be covered by a few paths such that almost all points in D, are endvertices
of only one of the paths (see 2.4). This enables us to extend the the constructed paths
to cover a star system of G, and remain embeddable. Still we have an uncovered
forest from G,.,. This we add to G\ W, and try to cover the resulting graph.

We have to perform the so called general step. Again we cover a large part of
the edges of the above graph such that most of the points in D,UD,_; are endvertices
of exactly one path. Now we apply Lemma 2.2 to obtain a new set of paths and cir-
cuits which cover also W, such that the endvertlces of the paths are in D,_, (i.e. they
are embeddeble). Again most of the points in D, _, are the endvertices of some path.
The extensions of these paths cover a star system in G,_, (which we define later).
There remains an uncovered forest on D,UD,_;. A star system of it can be covered
by the extensions of paths in G, .,. We contract this star system in the forest and add
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the contracted image to G, _\W,_,. A covering of the resulting graph can be extend-
ed mto a set of circuits in G which cover the uncontracted edges of the forest.

We proceed by performing the general step inductively.

A final calculation shows that we did not use too many circuits.

3.1, The covering of G,

We denote the connected components of G,., by K|, ..., K;. Let us choose
one vertex p; in each K; with |V(K))| odd. By Lemma 2.5 we have the forests E;CK;
(j=1. ...,f) such that the graphs K=K \E; are odd and their only even vertlces
are p;. Applymv Cor ollaly 2.4 we m:ght cover K by {| V(K /21 pdth; such that the
only vertex of K} which is not an endvertex of a covering path is p; (if it exists).

Set E= U E;. Itisindeed a forest on the points of D,. Let «, .; denote the number

of p,~s (le the number of odd |V(K))|-s). The number of the considered co-

vering paths is
. ! IV(K’)l] D o
.,%/,+ = [ - = n_zZ
! ,gl 2 2 2

Let us define the graph H,=(G\G,.,)UE.

We can summarise the above results as follows:
3.1a) (D,) is a forest in H,CG.
3.1b) G\ H, can be covered by J, ., paths suchthat we have only «, ., points in D,
which are not endvertices of some path.
3.1c) All covering paths are embeddable (see Lemma 2.1e). ]|

In the general step we start with a graph H;, having similar properties as H,,
and obtain H,_,.

3.2. The general step

The graph H; is defined on J D;. The subgraph of H; induced by D; is a
forest E. (If possible we omit the mdex i, for example we write E instead of E; in the
(r+1—i)-th general step. ) H,-\E:<U D;N\(D;) where the latter graphs are in-

=0

duced subgraphs of G.

We also have some paths on D, 1UD; (constructed in the (r—i)-th step)
such that there are at most o, ; points in D; which are not endvertices of some path.
(%, .y is defined in 3.1, o; will be defined later for i=r )

3.2.1. The isolated vertices of G\W;

Let us consider the graph G\ W;. I; denotes the set of isolated vertices of this
graph in D;. For later purpose we want to *‘get rid of” J,

Suppose we have an edge (x, y) of E with x¢7,. We contract this edge and
identify V(E/(x.y)) with V(E)\x in the natural way. Applying a series of such
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contractions we fipally obtain a forest £* on D\ J;. Indeed we contracted at most
|I;] edges. We denote their set by $*. The contraction of an edge in a forest is injective
on all other edges and the graph obtained by the contraction is also a forest. Conse-
quently $* corresponds to a set of edges S in E with |S|=|S*|. Moreover E*=
=E/S and the contraction of S is injective on the set of edges of E which are not
in S.

Let H¥=(HNE)UE*. We define RCH} by R=(GN\W)UE". Then we
have:

(@) [V(H)|—V(H)|=|S|=y:=|1.

(b) If X is a covering set of circuits for HF, then we can extend the circuits in
such a way that the extended circuits cover E(H)N\.S. (Actually we need a much
more difficult statement.)

(c) For each vertex x of H; which is a point of D;, we have an edge (x, »)€
CE(HNW) with 1¢D;_,. (That is going to be important.)

3.2.2. The covering of the main part of R

As in 3.1 let us consider the connected components K; of R (j=1, ..., f).
If K; has a vertex in D; then it also has an edge connecting this vertex to some vertex
in D, .- Choosing one such edge for each vertex in D, N V(K}), we obtain a star
system which can be embedded in some spanning tlee F; of K If V(K)cD;_,
then we choose the spanning tree F; arbitrarily.

The number of K;-s having at least one vertex in D; and [V(K )| odd is denoted
by f;. For each such X let us choose a vertex p;€ V(K; )ﬂD,, in other components
K; with [F(K))| odd we choose p; arbitrarily. The number of components with
V(K YDy and [V(K))| odd is derioted by «;. (We completed the definition of the
important numbers «;, /3 7;.) By Lemma 2.5 we have the forest E;C F;,(j=1, ..., f),
such that K=K \E; is an odd graph and if it has an even Vertex then it is p;.
Applying Corolldry 24 we might cover the graph K by [|V(K})|/2] disjoint paths
such that any x€ V(K}), x=p;, is an endvertex of exat,tly one path.

The next step is to change these paths using the method of Lovasz.

3.2.3. Covering of W]

For (x, )¢ E(W)) let xeD; and yeD,_,. The set of edges (x,y) with
x¢ 1, is denoted by W;. We associate each (x, y)€ W] with the unique (and existing)
component K; containing x. The edges of |22 assocmted with a certain K; form g
stars Sy, ..., 5 with their centers say a n ~Yin D;_;, where tl>tz/ >l
(For notation see the definition of the * crcedy dxstance tree Win part 2.) We fixed Js
%, denotes the covering set of paths for K. Let us first apply Lemma 2.1 to the graph
Ki;US, with X'=X,. We have at most one vertex which is not an endvertex of a
path: p;. The following cascs might occur:

(a) p;is not a neighbour of ¢/ " in KjUS;. By Lemma 2.2 we have a cover-
ing set of disjoint paths and circuits Z,; 1or K;US, such that the vertices v in
V(Sy)\ai* are the only ones with (v, Z,)<1(v, ZO) These are no endvertices of any
path in 2.
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(b) e= (a,l . PJEE(S), then we obtain a covering 2, of K;U(S\e) with
the same properties as in (a), except that t(p;, Z,)=1(p;, Zg)=0

(c) e=(ai;', p)€E(K;). In that case we apply Remark 2.3 and obtain a co-
vering Z,. If X, does not cover ¢ (that is, the second possibility of 2.3 occurs) then
t(p i Z)=1(p;, Tg)+1=1. Now the only vertices of Kj (U S; which are not endver-
tices of some path of X, are the vertices in ¥ (S;\ai . If the first possibility occurs
then X, has the same properties as in (a).

In the next step we try to extend X, to a covering 2, which covers S, as well.
Here we have cases similar to (a), (b) and (c). We have to note that a neighbour of
ai7tin S can not be a neighbour of «i7'in K;US,US, because of the “greedy”
choice of W, and 1,<t,. We procced inductiv Ll) and finally obtain a set of disjoint
paths and circuits X, such that:

(1) Z, covers the edges of K and the associated edges of 1¥; with at most one
exception (lf the even vertex p; GK’ exists).

() 1(x,2) =0 for xeV(K)ND,.
3 1x, &) =1 for x<V(KHND;_,.

Proof. To prove (1) notice that during the g steps case (b) might occur at most once.
Moreover in case (¢) (in the i-th step) if we have an uncovered edge (uncovered by X')
then p; becomes an endvertex of a path so (b) or (c) can not occur again. In case (b)
(in the r-th step) (c) can not occur Jater because of the “greedy™ choice of W;. These
observations yield (1). Each vertex x in V(K7 N D; is the endvertex of some edge in
H; by definition. So among the ¢ steps we have one for each such x # p; after which x
is not an endvertex of any path. The above observations concerning the occurrences
of cases (b) and (c) show us that (2) is also true for x=p;.

(3) is trivial, for il x€ V(K})(\D;_, then we have lz=t(x, E)=t(x, X D=

=X Z,) by Lemma 2.2 and Remark 2.3. Let us summarise our results concerning

the Kj-s dlld the associated edges of W,. The new covering sets of paths and circuits
and the coverings of the Kj-s with V(K;-)C D,_, together form a set of disjoint paths
and circuits such that:

(1) none of the endvertices of the paths are in D;,

I
(ii) we have at most f; edges (see definition at 3.2.2) uncovered in (1 Kj)UJ
it

U MW, one for each component with a “troublemaker™ even vertex p;&D;,
(ii1) all the vertices in D;_, arc endvertices of some covering path with the
exception of #; vertices of the form p;. (The p;-s are in D,_, if V(K)<=D;_,.)

3.2.4. Covering of the remaining forest

Let us define a forest F in the following way: We have the forests £;,=K\K].
the star system WA W, and the trees K, F,DE; (j=1.....1). (See dehmllom
at 3.2.2 and 3.2.3 respectively.) By the chom of W ANy (1ts vcmus form the set

of “isolated™ vertices I;) and the choice of the F;-s the forest (L 'EJ)U(II AN

might be embedded into a forest FT H which contains at IG‘IST onc edge (x, )
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for any x<D;, with y£D,_,. Choosing such edges for cach x£D,. we obtain a
star system SCF.
In the former general step we obtained paths and circuits in H{,; such that all
but o;., points of D; are endvertices of some path and no such path has vertices in
i+1
U D;. (Let us recall that H;, differs from the subgraph of ¢ induced by U
j=1
only in D;_,.) Now we can add the edges in S to the paths having common endvutl-
ces with them. As we know, all the endvertices of the considered paths are in D; and
all but 2;,., points of D, are endvertices of at least one of them. By adding two edges
of SCHf, ; toa path P we obtain a circuit of H},, or a path which is embeddable
in Hf.,. These latter paths we complete to circuits of H,;. SCF, the contracted
sraph F/S is a forest which corresponds to a forest on D;_; in the natural way. (The
image of a vertex in D; 1s its neighbour in S.) The contracted graph is indeed a forest.

i-1
We set H;_, :(<U Dj>\.\<D,._,>) L(F/S) which completes the general step.
j=o0

In the last step we simply complete the paths of H, imto circuits. In fact there
are at most o, uncovered edges in 1)

3.3. Cdlculation

The circuits of H; can be extended to circuits of H;, H;,; and finally to cir-
cults of G. Thus we obtain circuits of G which cover all edges having a covered image
n some H}.

In the /-th step we constructed

%v [Il/([\ )|] _ D+ 1Dl M o B

2 2 S22 2

i=1
circnits and embeddeble paths such that:
(1) in (G,|JEYF there are at most f§; uncovered edges.
(2) in S F there are at most o;,, edges, uncovered by the circuits in H}, |
which are completions of embeddable paths.
The total number of constructed circuits is

[@_ m)+ 2'(|D,-|+ID,-4\,ﬂj_f_/f_z]
2 2 fanstt 2 2 2 2

1 Z[[|+7‘f/;] T+ Dll

i=2

- =(n-—-1)—x (this deltnes x).

The number of uncovered edges of ¢ is at most the sum of the numbers
of uncovered edges in the Hf-s and the numbers of edges in the H;-s having no ima-
g¢s in the H"-c and the number of edges in the final forest £ H, (on D,). This

number is v(|1|+J +0)+% .+ DI~ 1. (We have [E[=|Dyf~1 for E is a

i=2
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forest.) G is 2-connected therefore any two edges of G can be covered by a circuit
of G. We put the uncovered edges pairwise into circuits (if their namber is odd then
the last one remains alone). We obtained at most x such circuits which completes
the calculation and the proof of Theorem 1.

4, The proof of Theorem 2

To prove this consequence of Theorem 1 we are going to use the theory of
matroids. For definitions see [9].

Let {Cy. ..., G} be a covering of G by edges and circuits with & minimal.

Proposition 4.1. The union of any m of the circuits and edges C; covers at least m+ 1
vertices of G.

Proof. C,, ..., Cis a minimal covering and we might apply Theorem ! for the union
of the m Ci~s. J

We define the matroid C(G) in the following way: If e¢cE(G) is contained
by C, .... C;, then we replace this edge by r other cdges, namely Ciys o . That
way we obtam a graph G with lhultlp]«., edges and C ((r) is defined as its urcmt ma-
troid. Let CY, ..., C¥ denote the circuits and edges of G which correspond to the

L5 G (Le E(C{): {e;lec Ci}).

Proposition 4.2. The union of m of the circuits and edges CY. sav H, has rank at least
m in C(G).

Proof. Let us denote the connected components of H by H,, ..., H,. The C} are
connected so the H;-s partition the m circuits and edges into s classes with say m,, ...

., my elements. It follows from Proposition 4.1 that H; contains a tree of m; edges
consequently H contains a forest of m edges. We apply the following formula due to
Nash-Williams (9): If (S, .4) is a matroid with rank function r, ¢ a homomorphism
of (S, .#) to the matroid (¢(S), .#¢) with rank function r, then

Fo(X) = lynguxl (rH{e* YN+ X¥=Y|) for Xco(S) §

4.3. The proof of Theorem 2

We apply the above formula to C (Gyand ¢: C(G)~{1.. k} where ¢(¢)=i
iff ec CE. ¢ is well defined for the C7 form a disjoint covering oi G. By Proposition
4.2 we have r(p~1(X))= for XC{1...., k), which gives us ,,,(<p(C(G)))

=|p(C(G))|=k. Therefore @(C(G)) is an mdependent set so it is the image of an
independent set of C(G) i.c. the image of a forest FcG. F corresponds to a forest
Fc G having k edges. By the definition of G this forest has the properties required
m Theorem 2.

Problem. 7s Theorem 2 true for infinite graphs (or for a reswricted class of infinite
graphs)?
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5. The proof of Theorem 3

We have a graph G with a fixed distance tree W. Let us consider the graph G;
(1=i=r). W,CG; therefore we might contract the cdges of the star system W,.
We identify V(G./W,) with D;_, in the natural way. Thus we obtain a map
;2 E(GAW)—E(G/W), ¢;(e) is the image of e€ E(GN\W;) after the contrac-
tion of W;. o,(¢) is always an edge becanse W, consists of disjoint stars with their
centers in D;_, and D; induces the empty subgraph in G;.

Lemma 5.1, Suppose that G has no circuit of length four, then for i=1, ..., r

(a) If @;(x, ) =@;(z, v) then the edges (x. ) and (z, v) form a triangle in G,
with some e< E(W)).

(b) For any ec E(W,) we hare at most one such triangle.

Proof. (2a) We have two possibilities

(1) both (x, y) and (z. v) are edges between a point of D; and a point of D;_,
(let x. v€D; and y, z€D; ), or

(2) for one of the edges say (x.1) we have x, yveD;_, (v€D;, zED,_)).
XN, 1,z 0€D, ., is impossible for the contraction is identical on the edges of
(Di-1y<G.

Case (1). Y y=z then o;(v, V=0;(z, r)=(r, 2)EE(G;/ W) is trivial which makes
x=v impossible. Conscquently (x, z), (», < E(W)). these have to be contracted
edges. But then (x, y, r. 2) would be a C:=G,<G, a contradiction. I y=z then
0;(x, )=, WEE(G/W) for some wéD;_; and indeed (x,w). (v, w)EE(W)).
Therefore (3. x, w, r) would be a C,CG;cG. Case (1) leads to contradiction.

Case (2). We have ¢,(x. 3)=;(z, v)=(x. )2 E(G,/W,) which means that z€ {x, y}.
say z=y. Here (v. 1)< #W,. it has to be a contracted cdge and (x, y, v) a triangle.
This proves (a).

(b) Two triangles containing ¢€ £}, would imply the existence of a C; in G. |}

Notation. If there exists a triangle (x, y. v) with (1, ©)=¢€ H; (using the above nota-
tion) then we refer to the unique (x. v) and (v, v) as ¢" and ¢”.

Proof of Theorem 3. Applying Theorem 4 (secc Introduction) we can cover the
eraphs (G,/ W) (2=3i=r) and G, ., by [|D;_,|/2] and [|D,|/2] paths and circuits res-
pectively. It follows that we can extend the circuits in G;/W; into circuits of G; such
that the contracted images of the latter ones are the circuits chosen in G/W; and the
paths in G,/ W, into paths with their endvertices in D,_,. By Lemma 5.1 the extended
paths and circuits cover all the edges of G with the possible exception of W and
{¢'. e”jec W}. We also know that for ¢€ W either ¢’ or ¢” is in an extended circuit or
path H. If H does not contain ¢ then it contains only one endvertex of e, say x.
because the contracted image of H is a circuit (or path) if H is a circuit (or path).
H contains one edge from the triangle (¢, ¢’. ¢”), exchanging this edge for the other
two we obtain another circuit or path with the same contracted image as H. Conse-
quently we might supposc that the extensions of the covering circuits and paths of the
graphs G,/W, contain at least two edges of cach triangle (e. ¢”, ¢”). The endvertices
of each extended path PG, are in D;_; and by Lemma 2.le there is a circuit
Cc G containing P. The extended circuits and the circuits containing the extended
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paths cover almost all edges of G. The uncovered edges are in a one-to-one corres-
pondence with a subset of E(W), where W is a tree with [E(W)|=n—1

2[5 (22

i1s the number of our circuits. The theorem follows.

I

Remark. Indeed Theorem | is a trivial consequence of Theorem 3 for C,-free graphs.
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