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AN ERDt~S--GALLAI CONJECTURE 
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The following conjecture of P. Erd6s and T. Gallai is confirmed: every graph on tt vertices 
can be covered by n - I  circuits and edges. 

O. Introduction 

P. Erd6s and T. Gallai posed a conjecture in 1966 [3], this conjecture was also 
mentioned as an unsolved problem in the book of Bondy and Murty [1]. In 1982 Tao 
Mao-q;, Shen Yun-qiu and Ku Tung-shin proved the conjecture in a slightly stronger 
form for planar graphs [8]. What they prove is the following: 

Theorem 0. Let G be a 2-edge-comtected planar graph o f  n vertices. Then G can be 
covered by ( n - 2 )  circuits. 

Their proof  is somewhat lengthy, here we give a shorter one. Our main result is 

Theorem 1. A graph G o f  n vertices can be cow, red by , -  1 circuits and edges. 

Notice that Theorem I is sharp if G is a tree. 

We also prove the following stronger version of  Theorem 1 : 

Theorem 2. Let G be a graph o f  n vertices and {CI, ..., Ck} be a set o f  circuits and 
k 

edge,~ such that ~ E ( C I )  = E(G) and k ix miT~imal. Then we can choose k d(fJbrent ed- 
i=]. 

ges, eiEE(Ci) , such that these edges form a ./brest in G. 

Finally we prove another theorem for graphs not containing 6"4 (circuit of  length 
four), which is stronger in some sense. 

Theorem 3. Let G be a graph o f  n vertices not containing C4. Then G can be covered by 
[ ( n -  1)/2] circuits and n - 1 edges. 

Basic to our proofs is the following theorem of  Lovfisz [4]" 

AMS subject classification (1980): 05 C 38 
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Theorem 4. A graph o/ J~ t,ertices ca~ be co~cr~'d br -:In/2] clisjoint paths m~d cir- 
cuits. 

Notation. dc,(X) denotes the degree of  the vet'tcx xC V(G) in the graph G. d(x, y) 
denotes the distance of  the vertices x and y in G. For  a subgraph H of  G. G/H and 
G \ H  denote the graphs obtained fl'om G by contracting or deleting the edges of  H. 
(D3 denotes the subgraph of  G induced by the set D c  V(G). 

1. The proof of  Theorem 0 

We use the foUowing weltkslown lemma (see e.g. [6]): 

Lemma 1.1. Let G be a planar graph, then it has an edge contained in at most two trian- 
gles o f  G. | 

Lenuna 1.2. I f  G is all arbitrary graph e=(x, 3,)~ E(G) m~d G/e has a cut-edge then 
either 

(a) G has a cutvertex or 
(b) there is a vertex zC V(G) such that the only neighbours of z in G are x and y. 

Proof. I f  (p, q)E E(G/e) is a cut-edge in G/e then p and q are cutvertices of  G/e or 
components  of  (G/e)\(p, q). I f  p and q are both cutvertices then they are the con- 
tracted images of  two cutsets in G, say of  P and Q. We contracted only one edge to 
obtain G/e so one of  the two sets has only one vertex, i.e. G has a cutvertex. 

I f  p is a component  of  (G/e)\(p, q) and G has no cutvertices then p is the 
image of  a vertex z~ V(G) with d~(z)N2. Here, in fact, da(z)=2 and (b) follows. III 

Now we prove Theorem 0 by induction on pr=iV(G)i for planar graphs. 

Lemma 1.3. I f  the graph G has a cutvertex and Theorem 0 holds for all graphs H with 
I V(H) I< I v(a)] then it holds for G. 

Proofi Let p be a cutvertex of  G. Deleting p we obtain components  K~ . . . . .  K, ( r~2) .  
The graphs (V(K,)LSp) are 2 edge-connected, i.e. these graphs can be covered by 
h i - 2  circuits, respectively, here ni = IV(K;)[ + 1, The set o f  all these circuits covers 

r 

G, ~ ( n i - - l ) + l = l V ( G ) t = n  and this leads to ~(n i -2 )<=n-2 .  II 
i = l  i = 1  

Let (x, y ) = e  be an edge of G contained in at most two triangles (exists by 
Lemma 1.1). I f  G has no cutvertex and G/e has a cut-edge then we can apply Lemma 
1.2. Indeed, (z, x) and (z, y) are contained in at most one triangle. I f  G/(z, x) and 
G/(z, y) are not 2-edge-connected then by Lemma 1.2 G is a triangle. Here n = 3 ,  
in this case the Theorem is trivially true. 

It suffices to prove the induction h~pothesis for 2-connected graphs G, having 
an edge e=(x,y)  contained in at most two triangles, such that G/e is 2-edge- 
connected. 

We distinguish three cases according to the number  of  triangles containing e. 
We always have n - 3  circuits {C~, ..., C~_3} covering G/e. 
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Case O. If  there are no triangles on e, then the contraction is injective on E ( G ) \ e .  
The circuits coverialg G/e correspond to circuits of  G in the natural way, such that 
the latter n - 3  circuits cover E(G) \e .  G is 2-edge-connected, therefore we have an 
(n -2 ) - t h  circuit C in G covering e. 

Case 1. Suppose that there is exactly one triangle containing e=(x ,y ) ,  say 
T=(x,  y, z). Again, we have n - 3  circuits C~ which correspond to the circuits C; 
of  G/e (the contracted images of  the circuits C~ are the C[). Indeed, the circuits C~ 
cover G \ T .  Adding circuit T we obtain an (n-2)-e lement  covering of  the graph G. 

Case 2. Suppose that (x, y) is contained in exactly two trian#es, namely, in (x, y, z) 
and (x, y, v). The contracted image of  x and y in G/e is denoted by p, the image of  z 
by z'. As (p, z')~E(G/e), we might suppose that (p, z')EE(C~). Let us extend the 
circuits C; to circuits C~ of  G arbitrarily. We define the circuit Co in the following 
way: If  (x, y)CE(C0 then Co=C~. If not, then one of  the vertices x and y, say x, 
is not in C1, tbr the image of  C~ in G/e is a circuit. We have (y, z)EE(C~), for 
(p, z')EE(C~). Now let us define Co by E(Co)=(E(C, ) \ ( y ,  z))U {(x, y), (x, z)}. Let 
C be the circuit (x, z, y, v). It is easy to see that the circuits C, Co, C~ . . . . .  C,_z 
cover G. 

The proof  of  Theorem 0 is now complete. | 

2. Preliminaries to tile proof of  Theorem 1 

Definition. Let G be a connected graph, aE V(G). We define the distance classes 
D ~ :  {xlxC V(G), de(x, a ) : i )  for i=0 ,  ..., r. (For the sake of  simplicity we omit the 
upper index.) 

Lemma 2.1. (a) Do, ..., Dr is a partition o f  V(G). 
(b) For any xEDi there exists an yEDi_ 1 with (x,y)EE(G). Choosh~g such 

av edge (xj,  yj) for all ,'cjC D~ we obtain a star system Wi in G, i.e. a subgraph which is 
the union o f  disjoint stars. The centre o f  a star in W i is h7 Di-z. 

(c) The union o f  the star systems W i is a tree W of  G which we call a distance 
tree o f  G. 

(d) Let G,+~=(D,) aJld GI=(D, UDi_~)\(Di)  for i=1  . . . .  ,r. Then 
W i n G  i and E(Gj) . . . .  , E(G,.~a) is a partition o f  E(G). 

(e) I f  P is a path in G such that its vertices are in [J Dj and its endvertiees 
j ~ i  

are in D~, then there exists a circuit C o f  G containing P. Such paths are called em- 
beddable. 

Proof. Statements (a)--(d) are welllolown or trivial. 
(e) Let x~, xo.ED~ be the endvertices of  P. We have two unique paths 

/1 ,  P2 C W leading from Do to x~ and x., respectively. Indeed, P~ and P2 have one 
common vertex with D j. for j_-< i and none for j> i .  P1 and P~ have a common vertex, 
Do. They have a last common vertex v~Dj , j< i ,  where j is the largest index for 
which such a v exists. The union of  P and the subpaths of P~, Po. leading from 
vtox~,x_~ resp. form a circuit C in G. II 

The above lemma contains the basic ideas of  the proof  of Theorem 1. Applying 
Theorem 4 for the graphs G,- we get strong bounds for the number of  covering edges 
and circuits of G. 
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However, to prove Theorem 1 we also have to consider the proof  of Theorem 4, 
and we must choose W in a special way : Let us denote the vertices in Di by {a~} 

i - 1  ( t = l  . . . .  , lDil). For  any a~D,  we have an a~ CDi_~ such that e t~--(a`~, ai-qE~ , 
E(G) and s is minimal. We define W~ as the set of  the edges e~ and W as the union 
of  the star systems W~. (We fix a and the order of the elements of  the D,-s arbitrarily 
and in the proof  of  Theorem 1 W will denote the distance tree of  G defined by this 
order in the above "greedy" way.) 

The original proof  of Theorem 4 contained a minor error. It was corrected 
by A. Donald therefore we refer to his paper [2]. 

Notations. We denote the set of  neighbours of  xC V(G) in the graph G by N(x).  
I f  2; is a covering of G by disjoint paths and circuits, xE V(G), then t(x, S) denotes 
the number of  paths in 2; with endvertex x. We allow paths of  length 0, they increase 
t(x, r,) in the corresponding vertex x by 2. 

Lemma 2.2. Suppose x is a vertex o f  a grafh G, A = {al . . . .  , ak}CN(x),  ( k ~ l ) ,  
G' is the graph obtained f rom G by deleting the edges between x and A. Let ~,' be a 
covering o f  G" by disjoint paths and circuits, such that t(p, Z') >- 1 for  pEN(x) .  Then 
there exists a corering S, o f  G by disjoint paths and circuits such that IS] = 1271, and 

for p C V ( G ) \ ( A  (J x) t (p, S) = t (p, U),  

for pEA t ( p , Z ) =  t ( p , U ) - I  and t ( x , £ , ) ~ t ( x , £ , ' ) .  

This lemma is essentially a more detailed version of  Lemma 7 in [2]. Here we 
repeat the main steps of  the proof  in (6). 

Proof. For  each i =  l . . . .  , k, we define a sequence of  vertices of  N(x):  ai,0, ..., a;,,, 
by recursion as follows. Let ai, o=al. Suppose ai,, is defined; since ai,#CN(x) 
there is a path U~,, of  27 that has a~,, as an endvertex. If  U~,# does not pass through x, 
end the sequence; i f x  lies on U~,u, trace the path from a;,j, to x and let a~,,+~ be the 
last vertex on the path before it reaches x. 

Observations. a~,~ is adjacent to x in G" iff l~--> 1. 
If  ai,.=ai,~, then i= j  and p=v .  For suppose ai,~,=aj,,, and lt<=v. 

I f  p = 0 ,  then a~,u=ai, so v=0  and i=j.  If i t ~ l ,  then ai# lies on Uiu-1, 
which has an endvertex at al, u-1 and contains the edge (x, ai, u). S~'milarly, a¢,u"'ai.~ 
lies on Uj,._1 which contains (x, aj.~)=(x, al, u). Since the paths of  27 are edge dis- 
joint, Ui,,_x=Uj,._~ and a~,u_~=aj,~_ ~. Repeating this argument we get ai,0= 
= a j  ._~, and v - l t = O  so SL=v and i=j. 

' This implies that the above sequences are finite. 
The edge (x, al,u) lies on U~,~,_a if / z~ l .  

We :now define a function f that naaps elements of  Z" into disjoint paths and 
circuits covering G. 

Let U~U, if it is not a U;,., then f ( U ) =  U. Otherwise we distinguish two 
sets of  mutually exclusive cases: 

(a) U =  Ui,u contains x. 
(a') U=  Ui, u does not contain x. 
(b) U=  Ui,~ = Uj,~ where (i, It) ~ (j, v). 
(b') U = U ~ ,  and the labelling is unique. 
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We define f lU)  for the four possible combinations. 
If(a) and (b) hold we dele-:e the edges (x, ai,,+O and (x, a~,,,.~ 1), add the edges 

(x, a,,,) and (x, aj,,.) to obtain j '(U) from U. 
If(a)  and (b') hold we delete (x, a~,,.} 1) and add (x, ai, u). 
If  (a') and (b) hold we add the edges (x. a,- ~,) and (x, a~.,.). 
If  (a') and (b') hold we add (x, al, u). 

Remark. If  U is at path of length 0 then (a') and (b') hold, therefore f (U)  is an edge 
of G. 

We now show that the paIhs and circuits formed by f a r e  disjoint, and cover G. 
IfO',  z) is not of the form (x, a~,,ib then it appears in some U o f U  and also in, and only 
i n , f  (U). Examination of the cases shows that (x, ai,,) appears inf(Ui,,), so it remains 
to prove only that if (x, ak,o) is in f ( G , , ) ,  then Uk,o= U~, u. 

If  (b) holds for U=U¢.~, then Ui, t,=U~.,, where (i, # )¢ ( j ,  v). The only 
edges off(g~ ~) incident to x arl; (x, al ,) and (i~" a~. ,.). Since ak,, o.#ai.,,, by assump- 
tion, it follo~s that ak,,=a~, .~o (k, 'o)=(j, ~)i If (a) and (b)  hol~J for U= Ui , .  
let U~ ,=(al ~ . . . . . .  ai , ,~ ~ , x, y, ..., z). If (x, ak,o) is in f (  Ui ,) and ak 0,,~al, then 
ak 0=3 ;- Thus z=ak ~_~ and Us,u= Uk.o-J. But Ui,, is uniquely labeled so'(i, # )=  
=(k, o - l )  and ai, t,=a~,~,_t=z. Thus Ui, u has to be a circuit, a contradiction. 
If(a ' )  and (b') hold for Ui,,, the, only edge off(Ui. , )  incident to x is (x, as, u). 

Thus 27=f(2,') is a cow:ring of G by disjoint paths and circuits and 1£ i --- 
=I27'l- 

Let us verify now our additional observations. If  p~ V(G) is not of the form 
a;,, then the number of paths with endvertex p is indeed the same for 27 and U. 
If p =ai  then p is an endverte:~ of U~,0 but not off(U~,o) and for U ¢  U~,0, p is an 
endvertex of U iff it is an endvertex of f (U) ,  l f p=a~ . , ,  # ¢ 0  then p is an endvertex 
of  Ui,, and o f f (Ui . , -O  but not off(Uz,,)  and Ui,,_a, for any other U, p is an end- 
vertex of U iffit is an endvertex off(U).  (If U is a path of length 0 then the situation is 
different, here p = U  might become a single endvertex o f f ( U )  from a "double" 
endvertex of U according to the: above cases.) If x is an endvertex of U then it is an 
endvertex of f (U).  

Throughout the proof we never used the assumption that the paths have edges 
so it also works if there are paths of length 0 in 27. 

The proof is complete, il 

Remark 2.3. Suppose that the conditions of  Lemma 2.2 are not satisfied, there is a 
vertex in N ( x ) \ A ,  say b, with t(b, U)=0.  (For the sake of simplicity we suppose the 
existence of exactly one such vertex.) Adding the "path"  b to Z" and performing the 
construction of the above proof we obtain a covering El of G with ]Z,I = 127'1 + 1. 

We have two possibilities: either f (b )=b  then we simply did not need b in 
constructing Z =  271\b, a covering of G with the same properties as in Lemma 2.2, 
or we needed b and f(b) is the edge (b, x). 

In the latter case Z =  X~\ f (b)  is a covering of G\(b ,  x) with 121 = IF,'[ and 
the statements of  Lemma 2.2 are valid for Z with the exception that t(b, ~)=  
=t(b, Z')+ i. (It easily follows from the proof of Lemma 2.2.) II 

Definition. A vertex of a graph is called odd or even if it is of odd or even degree, 
respectively. A graph G is called odd if it has at most one even vertex. 
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Theorem 4 is true in a stronger form for odd g r a p h s  

Corollary 2.4. An odd graph o f  H re;'ti~ c.~ capl be cot:cred by In/2] disjoint paths such 
thai each o~h[ ~"ertc.v o.f G is' the emh'erte.\ o.! c.vactly tree cot:ering path. 

Let u~ recall the following ([6]) 

Lenuna 2.5. Le! G be a connected graph. ]: Ii spanning tree o f  G aml p an arbitrary 
vertex o f  G. There exists a forest E c  F, such that G ' - - G \ E  is an odd graph and i f  
!V(G)] is odd then p is the ecen certcx o f  G'. 

Proof. Let F be a spanning tree of  G and :v~, ..., _¥, the even vertices of  G. Let P~ 
k 

denote the unique path between p and af in F. Set E =  >7 E(P~) (mod 2). For each 
i = 1  

k 

x~ V(G) we have dL(x)= ~ de,(x) (rood ~-) "~. Cosequently for .~<- ~ V(G). .v~p,  
i = 1  

dE(x) is odd iff d~(x) is even. With G ' = G \ E  the lemma follows. | 

Remark 2.6. If  Theorem I holds for all 2-connected graphs then it tbllows for any 
graph G by an easy induction on n = V(G). (Like in the p roof  of  Theorem 0.) 

From now on we suppose that G is 2-connected. It is wellknown that  in such 
a graph any two edges are contained by a circuit. 

3. The proof of  Theorem 1 

It seems to be impossible to present the proof  as a series of  independent lem- 
mas, therefore we start with 

3.0. Sketch o f  the proof 

We have a 2-connected graph G with a fixed "greedy" distance tree W (for 
definitions see Lemma 2.1). We want to cover most of  the edges by paths embedd- 
able into circuits and put the rest pairwise into circuits. 

The first step is the covering of  Gr .-1. By Lemma 2.5 it has a large subgraph 
which can be covered by a few paths such that ahnost  all points in Dr are endvertices 
of  only one of the paths (see 2.4). This enables us to extend the the constructed paths 
to cover a star system of  Gr ~md remain einbeddable. Still we have an uncovered 
forest f rom Gr+a. This we add to G , \ W ,  and try to cover the resulting graph. 

We have to perform the so called general step. Again we cover a large part  o f  
the edges of  the above graph such that  most of  the points in Dr U D,_I are endvertices 
of  exactly one path. Now we apply Lemma 2.2 to obtain a new set of  paths and cir- 
cuits which cover also Wr such that the endvertices of  the paths are in D , - I  (i.e. they 
are embeddeble). Again most o f  the points in Dr_ a a r e  the endvertices of  some path. 
The extensions of  these paths cover a star system in Gr-1 (which we define later). 
There remains an uncovered forest on D r UD,_~. A star system of it can be covered 
by the extensions of  paths in Gr-.t. We contract this star system in the forest and add 
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the co;atracted image to G,_~\I~;_~.  A covering of  the resulting graph can be extend- 
ed into a set o f  circuits in G which cover the uncontracted edges of  the forest. 

We proceed by performing the general step inductively. 
A final calculation shows that we did not use too many circuits. 

3.1. The covering of  G~.I~ 

We denote the connected components of G~+~ by K~, ..., K~. Let us choose 
one vertex Pi in each Kj with ]V(Kj)] odd. By Lemma 2.5 we have the forests EicK~ 
( j = l ,  . .... /') such that the graphs R ~ = K , \ E  ~. are odd and their only even vertices 
are Pi" Applying Corollary 2.4 we might cover K~ by [I V(Ki)I/2] paths such that the 
only vertex of  K~ which is not an endvertex of  a covering path is p i (if it exists). 

f 

Set E =  (J Ej. It is indeed a forest on the points of  D,. Let c~a  denote the number 
. /=1 

of  . p j - s  (i.e. the number of  odd 1V(Kj)]-s). The number of the considered co- 
vering paths is 

• ~;+1 = ~ - 5- 2 j = l  

Let us define the graph H,=(G\G~.~)',OE. 
We can summarise the above results as follows: 

3.1a) (D,) is a forest in H, cG. 
3.1b) G\H,  can be covered by .:X.5 + ~ paths suchthatwe have only G+I points in D, 
which are not endvertices of some path. 
3.1c) All covering paths are embeddable (see Lemma 2.1e). II 

In the general step we start with a graph Its, having sirailar properties as H,,  
and obtain H~_~. 

3.2. The general step 
i 

The graph Hi is defined on (J Dj. The subgraph of  Hi induced by Di is a 
j = 0  

forest E. (If  possible we omit the index i, for example we write E instead of  El in the 
i 

( r + l - i ) - t h  general step.) H~\E={iUo= D.i)\(Di' ) where the latter graphs are hl- 

duced subgraphs of  G. 
We also have some paths on D~+a(SD~ (constructed in the ( r - i ) - t h  step) 

such that there are at most c~i_~. ~ points in D~ which are not endvertices of  some path. 
(c~+ 1 is defined in 3.1, ~ will be defined later for i~ r . )  

3.2.1. The isolated vertices of  G[',,I~] 

Let us consider the graph G i \  g~. I; denotes the set of  isolated vertices of  this 
graph in D~. For later purpose we want to "get rid o f"  L. 

Suppose we have an edge (x, y) of  E with x~l~. We contract this edge and 
identify V(E/(x, y)) with V(E) \ x  in the natural way. Applying a series of  such 
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contractions we finally obtain a forest E += on D~"..I~. Indeed we contracted at most 
II~] edges. We denote their set by S ~:. The contraction of  an edge in a forest is injective 
on all other edges and the graph obtained by the contraction is also a forest. Conse- 
quently S* corresponds to a set of  edges S in E with IS]- - tS*  I. Moreover E * =  
=E/S and the contraction of  S is injective on the set of  edges of  E which are not 
in S. 

Let H~=(Hi~E)UE*. We define RcH~: by R=(Gi\WI)UE:':. Then we 
have: 

(a) ]I/(II,)l- I V(H*)I = IS I = ?~5 II, I. 
(b) I f  22 is a covering set of  circuits for H{, then we can extend the circuits in 

such a way that the extended circuits cover E(H~)\S. (Actually we need a much 
more difficult statement.) 

(c) For  each vertex r of  H/~ which is a point o f  D i, we have an edge (x, y)~ 
C<E(Hi\Wi) with .v~D~_~. (That is going to be important.)  

3.2.2. The covering of  the maitz part of  R 

As in 3.1 let us consider the connected components Kj of  R ( j =  I, . . . , f ) .  
I f  K.i has a vertex in D~ then it also has an edge connecting this vertex to some vertex 
in Di_ ~. Choosing one such edge for each vertex in Di(~ V(Kj), we obtain a star 
system which can be embedded in some spanning tree Fj. of  Kj. I f  V(Ki)cDI_~ 
then we choose the spanning tree F~ arbitrarily. 

The number  of  Kj-s having at least one vertex in Di and I V(Kj)[ odd is denoted 
by fl~. For each such Ki let us choose a vertex p~C V(Kj)f3D~, in other components 
K i with l l/(Kj)! odd we choose p/ arbitrarily. The number  of  components with 
V(Kj)~ Di_~ and I V(Kj)I odd is denoted by ~ .  (We completed the definition of  the 
important numbers ~,~, [11, ?i.) By kemma 2.5 we have the forest E j c  F i, ( j =  1, . . . , f ) ,  
such that K j = K i \ E  i is an odd graph and if it has an even vertex then it is p j .  
Applying Corollary 2.4 we might cover the graph K~. by [1 g(g~)[/2] disjoint paths 
such that any xE V(K}), xCp_,  is an endvertex of  exactly one path. 

The next step is to change these paths using the method of  Lovfisz. 

3.2.3. Covering of W[ 

For (x,y)EE(Wi) let x~Di and YEDi_I. The set of  edges (x,y) with 
x(iIi is denoted by W'.  We associate each (x, y)6 W[ with the unique (and existing) 
component  Kj containing x. The edges of  W[ associated with a certain Kj. form q 

l 1 ~ 1 stars S1, ..., Sq with their centers say a~[- , ..., a~7. in D~_t, where t~>t2>...>t q. 
(For  notation see the defimtlon of the _~reedy dlstance tree W m part  2.) We fixed j ,  
I: o denotes the covering set of  paths for K].. Let us first apply Lemma 2.1 to the graph 
K~U $1 with S '=S  0. We have at most one vertex which is not an endvertex of  a 
path:  pj. The following cascs might occur: 

(a) p~ is not a neighbour of  a]? ~ in K}U Sa. By Lemma 2.2 we have a cover- 
ing set of  disjoint paths and circuits r l  tbr K}US1 such that the vertices v in 
V(S1)\a~? x are the only ones with t (v, I70 < t (v, 2;o). These are no endvertices of  any 
path in X~. 
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(b) e = (a[-[ 1, pj)~E(S D, then we obtain a covering 27a of  K~ U ( S l \ e )  with 
the same properties as in (a), except that t(pj, 1;~)= t(p~, 270)=0 

(c) e=(a~~X, pj)qE(K~). In that case we apply Remark 2.3 and obtain a co- 
vering 2;~. I f  27~ does not cover e (that is, the second possibility of  2.3 occurs) then 
t(pj, 2 ;0= t (p i ,  So)+ 1 =1.  Now the only vertices of  KjU S~ which are not endver- 
rices of  some path of  27a are the vertices m V(Sa)\a~ ~. If the first possibility occurs 
then 2;~ has the same properties as in (a). 

In the next step we t13, to extend S~ to a covering 2,'~ which covers 5",, as well. 
Here we have cases similar to (a), (b) and (c). We have to note that a neighbour of  
a{~ -a in Sx can not be a neighbour of  a~ -t in K~USxUS,,_ because of the "greedy" 
choice of W~ and t2<ta. We proceed inductively and finally obtain a set of  disjoint 
paths and circuits 2;q such that:  

(1) 27q covers the edges of/~) and the associated edges of  W~ with at most one 
exception (if the even vertex pj¢ K~ exists). 

(2) t(x, Z~)-- 0 for xCV(Kj)J3D~. 

(3) t(x, 27q) =-- ] for x~/(K~)f~qDI_ 1. 

Proof. To prove (1) notice that during the q steps case (b) might occur at most once. 
Moreover in case (c) (in the i-th step) if we have an uncovered edge (uncovered by Z ) 
then pj becomes an endvertex of  a path so (b) or (c) can not occur again. In case (b) 
(in the r-th step) (c) can not occur later because of the " u e e d y "  choice of  14~. These 
observations yield (1). Each vertex x in V(K~) 0 D i is the endvertex of  some edge in 
l l~ by definition. So among the q steps we have one for each such x ~P.i after which x 
is not an endvertex of  any path. The above observations concerning the occurrences 
of  cases (b) and (c) show us that (2) is also true for x :p .  i. 

(3) is trivial, for if x¢ V(K'j.)f-~DI_~ then we have I t ( x ,  Z~)::t(x, 2~)~... 
... ~ t (x ,  Sq) by Lemma 2.2 and Remark 2.3. Letus sunnnarise our results concerning 
the K~-s and the associated edges of  1,t~. The new covering sets of  paths and circuits 
and the coverings of  the K~.-s with V(Kj)~ D i_ ~ together form a set ofdisjoint paths 
and circuits such that: 

(i) none of  the endvcrtices of the paths are in D~, 
, f  

(ii) we have at most fii edges (see definition at 3.2.2) uncovered in ( U KS) t j 
j=e 

(5 W,., one for each component with a " troublemaker" even vertex p~,~D~, 
(iii) all the vertices in D~_~ are endvertices of some covering path with the 

exception of 7.,. vertices of the form P.i" (The p~-s are in D~_~ if V(Kj)< D~_.v) 

3.2.4. Cocering of the remai~ting forest 

Let us define a tk)rest F in the following way: We have the lbrests Ej = Kj\K~, 
the star system 14f\IV~ and the trees K,.D F i_-_,EJ ( j =  1 . . . . .  f ) .  (See definitions 

. . . .  ~ . . . .  ' K t  at 3 9 v and 3 "~ ~ respectively.) By the choice of  l,f;\14 ~ (its vertices form the set 
f 

of "isolated" vertices I~) and the choice of  the Fi-s the forest ( U Ej.)U ( I~ \ IV~)  
j =  I, 

might be embedded into a forest F~-H7 which contains at least one edge (x, y) 



76 I .  P'VBER 

for any xCD;, with .!-c D~_t. Choosing such edges for each .rE D~, we obtain a 
star system S c F .  

tn the former general step we obtained paths and circuits in H { ~  such that all 
but ~ : t points of  D; are endvertices of  some path and no such path has vertices in 

i /+1. 

U Di. (Let us recall that Hi':~.~ differs from the subgraph of  G induced by U Dj 
J = o  j = z  

only in Di+t.) No\v we can add the edges in S to the paths having common endverti- 
ces with them. As we know, all the endvertices of  the considered paths are in D; and 
all but u.~+ 1 points of  D~ are endvertices of  at least one of them. By adding two edges 

C * of  S Hi+~ to a path P we obtain a circuit of  H~+~ or a path which is embeddable 
in H[+a. These latter paths \re complete to circuits of  H~+~. S c F ,  the contracted 
graph F/S is a forest which corresponds to a forest on D~_~ in the natural way. (The 
image of a vertex in D; is its neighbour in S.) The contracted graph is indeed a forest. 

i--Z 

We set Hi-, (<j(J=oDJ)\'(Di-~})U(F/S) which completes file general step. 

In the last step we simply complete the paths of  H2 into circnils. In fact there 
are ~1t most % uncovered edges in V~. 

3.3. Calculation 

The circuits of  Hi ~ can be extended to circuits o f  H~, H~.~ z and finally to cir- 
cuits of  G. Thus \re obtain circuits of  G which cover all edges having a covered image 
in s o m e  /4?. 

In the i-th step we constructed 

j~i _~ 2 2 2 

circuits and embeddeble paths such that: 
(1) in (GiUE)~,F there are at most fll uncovered edges. 
(2) in S c  F there are at most ~_~ t edges, uncovered by the circuits in H,L,j 

which are completions of  embeddable paths. 
The total number  of  constructed circuits is 

.¢. Io, l+ i&- , I  i/,! ~, 
i=,,. 2 2 2 

r~ l l - -  [ - -  _" ( ,'," "l.~.[ili[÷¼i-b[]il :~r+t iDa[--(II-l)--.V (this de0nesx). 
i=e ~ z ,' 2 2 

The number  of  uncovered edges of  G is at most the sum of the numbers 
of  uncovered edges in the H*-s and the numbers of  edges in tile H~-s having no ima- 
ges in the Hi'-s, and the number  of  edges in the final forest E c H t  (on Dr). This 

number  is ~(]I~[+~i+fi~)+~:~+]D~l-1. (We have IEI-51D~[-I %r E is a 
i = 2  



ERD(SS--GALLAI CONJECTURE 77 

forest.) G is 2-connected therefore any two edges of G can be covered by a circuit 
of  G. We put the uncovered edges pairwise into circuits (if their number is odd then 
the last one remains alone). We obtained at most x such circuits which completes 
the calculation and the proof  of  Theorem 1. 

4. The proof of Theorem 2 

To prove this consequence of  Theorem I we are going to use the theory of 
matroids. For  definitions see [9]. 

Let {C:t . . . .  , Ck} be a covering of  G by edges and-circuits with k minhnal. 

Proposition 4.1. The union o f  any m of  the circuits am/edges C~ cm,ers at least m + l 
l:ertices o f  G. 

Proof. C~, ..., C~ is a minimal covering and we might apply Theorem 1 for the union 
of  the m Ci-s. il 

We deline the matroid C(G) in the following way: If e(:E(G) is contained 
by C~, ..., C~, then we replace this edge by t other edges, namely e;,, ..., %.. That  
way we obtain a graph (7 with multiple edges and C(G) is defined as its circmt ma- 
troid. Let C~, ..., C*k denote the circuits and edges of  G which correspond to the 
C~ . . . .  , Ck (i.e. E(C;) = {ejte~, Qj}). 

Proposition 4.2. The unioJ~ o f  m o f  the circuits and edjze.s' C{. say H, has rank at least 
m in C(G). 

Proof. Let us denote the connected components of  H by H~ . . . . .  H~. The C[ are 
connected so the H s s  partition the m circuits and edges into s classes with say m~ . . . .  
..., m~ elements. It follows from Proposition 4.1 that Hj  contains a tree of m~ edges 
consequently H contains a forest of  m edges. We apply the following formula due to 
Nash-Williams (9) : If  (S, ,/tZ) is a matroid with rank function r, tp a homomorphism 
of  (S, ,//,) to the matroid (~p(S), .¢,:p) with rank function r,~ then 

r , , ( X ) = m i n ( r ( q ) - ~ ( Y ) ) + l X - Y t )  for Xc,:p(S) .  | 
y=<-x 

4.3. The proof o f  Theorem 2 

We apply the above fornmla to C(G) and (p: C ( ~ ) ~  1i . . . .  , k} where q)(e)=i 
iff eCC[. ~p is well defined for the C~ form a disjohat covering of  G. By Proposition 
4.2 we have r(rp-~(X))~lXl for . g c  {1 . . . .  , k}, which gi,es us r,,(~p(C(G)))= 
= I~(C(G))I =6-. Therefore p(C(G))  is an independent set so it is the inaage of  an 
independent set of  C(G) i.e. the image of  a forest f f cG ,  Fcorresponds to a forest 
F ~ G  having k edges. By the definition of  G this forest hes the properties required 
in Theorem 2. 

Problem. Is Theorem 2 true .['or illfinite graphs (or/-or a rextrieted class o f  htfinite 
graphs) ? 
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5. The proof of Theorem 3 

We have a graph G with a fixed distance tree W. Let us consider the graph G i 
(1 ~ i -~r) .  W;c-Gi therefore we might contract the edges o f  the star system W~, 
We identify V(GjWi) with Di_l  in the natural way. Thus we obtain a map 
q~i: E(G~\WI)~E(Gi/I~), ~pi(e) is the image of  eCE(Gi\W~) alter the contrac- 
tion of  W i. ~oi(e ) is always an edge because W~ consists of  disjoint stars with their 
centers in D~_~ and D~ induces the empty subgraph in G;. 

Lemma 5. I. Suppose that G has no circuit o f  length four, then ./'or i = 1, ..., r 
(a) I f  ~?~(.v, y)=~pi(z, c) then the edges (x. y) and (z, v) f i )rm a triangle in G i 

with some e~ E(W~). 
(b) [-'or am' e~ E(Wi) we hare at most one such triangle. 

Proof. (a) We have two possibilities 
(1) both (x, y) and (z, v) are edges between a point of  D~ and a point of  D;_t 

(let x. v£Di and y. z~_Di_ O, or 
(2) for one of  the edges say (x..v) ~e have x, .r~SDi_~ (v~Di, zCD,_t). 

.v,y,z,  vCD~_~ is impossible l\)r the contraction is identical on the edges of 
(Oi-1)C Gi. 

Case (1). If r = z  thea~ ~9i(.v, y)=q~i(z, v )=(y ,  z)6E(Gi/Wi) is trivial which makes 
x = v  impossible. Consequently (x, z), (y, v)SE(W/), these have to be contracted 
edges. But then (x, y, r. z) would be a C~:=G,~sG, a contradiction. If y = z  then 
~pi(x,y)=0' ,  w)CE(GJI1]) for some wQDi_. 1 and indeed (x, w). (v, w)CE(~-). 
Therefore ()',-v, w, r) "',ould bc a C ~ c G i c G .  Case (1) leads to contradiction. 

Case (2). We have ~pi(.v, y)=~,oi(z, r)=(.v, y)~E(Gi/Wi) which means that z~ Ix, y}, 
say z = x .  Here (r, y)5 I,V~. it has to be a contracted edge and (x, y, v) a triangle. 
This proves (a). 

(b) Two tria.ngtes containing e~ EI, I~. would imply the existence of  a C~ in G. | 

Notation. f f there  exists a triangle (x, y. v) with (y, v)-e~_ I.V~ (using the above nota- 
tion) then we refer to the unique (x. y) and (.v, r) as e' and e". 

Proof of Theorem 3. Applying Theorem 4 (see Introduction) we can cover the 
graphs (G~/14')) (2-: i:= r/  and G, ! ~ by [[ Di_a I/2] and [] D,I/21 paths and circuits res- 
pectively. It follows that we can extend the circuits in G~/W~ into circuits of G~ such 
that the contracted ima~es of the latter ones are the circuits chosen in GJW,. and the 
paths in Gi/~k]. into path~ with their endvertices in De_~. By Lemma 5.1 the extended 
paths and circuits cover all the edges of  G with the possible exception of W and 
{e', e"[e6 W}. We also know that for e6 W either e" or e" is in an extended circuit or 
path H. If  H does not contain e then it contains only one endvertex of  e, say x, 
because the contracted image of  H is a circuit (or path) if H is a circuit (or path). 
I t  contains one edge from the triangle (e, e', e"), exchanging this edge for the other 
two we obtain another circuit or path with the same contracted image as H. Conse- 
quently we might suppose that the extensions of  the covering circuits and paths of  the 
graphs G]W~ contain at least two edges of each triangle (e, e', e"). The endvertices 
of  each extended path PcG~ are in D~ 1 and by kemma 2.1e there is a circuit 
Cc_G containing P. The extended circuits and the circuits containing the extended 
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paths cover almost all edges o f  G. The uncovered edges are in a one-to-one corres- 
pondence with a subset o f  E(W) ,  where B z is a tree with [E(W)J = n -  1 

1 1+ 
is the number of  our circuits. The theorem lbllows. 

Remark. Indeed Theorem I is a trivial consequence of  Theorem 3 for Ca-fi:ee graphs. 
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